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Common Knowledge

My dice says 3.
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Common Knowledge?

planet pictures by NASA

It takes 4 minutes 
A B

Yes, (with enough prior common knowledge)
in 4 minutes, “A knows B knows A knows ... the message now”
for any number of iteration.
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Common Knowledge?

Amount of delay is indefinite according to the internet protocol.

Mt dice

says 3.
A

B

No. “A knows B knows A knows ... the message now eventually”
never holds for all number of iteration.
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Asynchrony = Lack of Global Common Clock

Asynchrony poses difficulty even if

� every agent’s knowledge increases over time, and

� every message contains sender’s whole knowledge

There is no waitfree algorithm over

before execution two agents each know their numbers.

after execution both agents know the sum of their initial numbers.

(Waitfree: cannot wait until your mate reads your message.
You can wait for the shared memory. Details later.)

Herlihy and Shavit’s “Topological Structure of Asynchronous
Computability” [Herlihy and Shavit, 1999]
(ACM/ETAPS Gödel Prize, 2004).
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Their work:

Asynchronous Communication in
Classical Epistemic S5 Logic
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Asynchrony in Epistemic Logic with Time (1)

from: Reasoning about Knowledge [Fagin et al., 2003]
Warning: for the speaker, the formalisation below is complicated.

Let us fix
Φ: a set (of propositional variables).
Li : a set (of local states) for 1 ¤ i ¤ n.

G � L1 � � � � � Ln (global states).
A run over G is a function NÑ G.
A system R over G is a set of runs R � GN.

An interpreted system I is a pair pR, πq
� R: a system over G.
� π : G Ñ ΦÑ tJ,Ku.
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Asynchrony in Epistemic Logic with Time (2)

An interpreted system interprets the formulae
(still from [Fagin et al., 2003])

With the natural projection fi � G Ñ Li ,
s �i s

1 iff fi psq � fi ps
1q.

A point: pr ,mq P R� N.

� pr ,mq |ù I iff πpr ,mqpI q � J for I P Φ.

� pr ,mq |ù K never holds.

� pr ,mq |ù Kiφ
iff pr 1,m1q |ù φ for any point pr 1,mq such that
pr ,mq �i pr

1,m1q.

� pr ,mq |ù �φ iff pr ,m1q |ù φ for all m1 ¥ m.

� pr ,mq |ù �φ iff pr ,m1q |ù φ for some m1 ¥ m.

� pr ,mq |ù φ � ψ iff pr ,mq �|ù φ or pr ,mq |ù ψ.
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Asynchrony in Epistemic Logic with Time (3)

A class Camp
n of interpreted systems called

asynchronous message-passing systems [Fagin et al., 2003]

A history h over Σi , INTi and MSG is a nonempty finite sequence
with

� h0 P Σi

� hk P tsendpµ, j , iq, receivepµ, j , iq | µ P MSG , 1 ¤ j ¤ nu
Ytintpa, iq | a P INTiu for k ¡ 0.

Let Li p1 ¤ i ¤ nq be a prefix-closed set of histories.

Let R be the set of runs r satisfying
� fi prp0qq is a history of length one.
� fi prpm � 1qq is identical to fi prpmqq
or a history obtained by appending one element to fi prpmqq

� for every receivepµ, j , iq appearing in fi prpmqq,
there exists an event sendpµ, i , jq appearing in fjprpmqq.

I � pR, πq is a.m.p. iff R can be constructed in this way.



. . . . . .

Axiomatisable?
“At this point, we do not even have a candidate for a sound and
complete axiomatization of Camp

n ”.
[Fagin et al., 2003, Notes, Ch. 8]
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An important observation in [Fagin et al., 2003]

� �
The processes can gain or lose knowledge only by sending and
receiving messages.� �

This (ignoring “sending and”) seemed intuitionistic to the speaker.
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Asynchronous Communication in
an Intuitionistic Epistemic Logic
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Extending Browuer–Heyting–Kolmogorov Interpretation
with Knowledge

Browuer–Heyting–Kolmogorov interpretation taken
from [Troelstra and van Dalen, 1988]
Intuitionistic connective interpretation explained (for
non-intuitionists).

(H1) A proof of φ^ ψ is given by presenting a proof of φ and a
proof of ψ.

(H2) A proof of φ_ ψ is given by presenting either a proof of φ
or a proof of ψ (plus the stipulation that we want to
regard the proof presented as evidence for φ_ ψ [plus left
or right information]).

(H3) A proof of φ � ψ is a construction which permits us to
transform any proof of φ into a proof of ψ.

(H4) Absurdity K (contradiction) has no proof; a proof of  φ is

a construction which transforms any hypothetical proof of

φ into a proof of a contradiction.
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New informal reading of Kpφ

The single most important slide.
Kpφ: p knows φ.
(What does “know” mean?)

p has acknowledged a proof of φ.

c.f. Plato: Theaetetus. Knowledge is . . .

1. perception

2. a true opinion

3. a true opinion with explanation

All refuted by Socrates.



. . . . . .

New informal reading of Kpφ

The single most important slide.
Kpφ: p knows φ.
(What does “know” mean?)

p has acknowledged a proof of φ.

c.f. Plato: Theaetetus. Knowledge is . . .

1. perception

2. a true opinion

3. a true opinion with explanation

All refuted by Socrates.



. . . . . .

New informal reading of KqKpφ: COMMUNICATION

KqKpφ: q knows p knows φ.

Classical In all q’s possible worlds, in all p’s possible worlds, φ is
true.

This work q has received a proof of the fact that p has received a
proof of φ.
communication from p to q
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Deduction System

Γ $ Kpφ
(T)

Γ $ φ

Γ $ Kpφ
(introspection)

Γ $ KpKpφ

Γ $ φ
(nec)

KpΓ $ Kpφ

Γ $ Kppφ_ ψq
(_K )

Γ $ Kpφ_ Kpψ

Γ $ φ^ ψ
(^-E0)

Γ $ φ

Γ $ φ Γ1 $ ψ
(^-I)

Γ, Γ1 $ φ^ ψ

Γ $ φ^ ψ
(^-E1)

Γ $ ψ

Γ $ φ
(_-I0)

Γ $ φ_ ψ
(ax)

φ $ φ
Γ $ φ

(_-I1)
Γ $ ψ _ φ

Γ $ ψ0 _ ψ1 Γ, ψ0 $ φ Γ, ψ1 $ φ
(_-E)

Γ $ φ

φ, Γ $ ψ
(�-I)

Γ $ φ � ψ

Γ $ ψ0 � ψ1 Γ $ ψ0
(�-E)

Γ $ ψ1

Γ $ K
(K-E)

Γ $ φ

Double negation elimination would make φ and Kpφ equivalent.
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Formal Semantics = Intuitionistic Logic (with Knowledge)

model xW ,¨, pfpqpPPy
fp : W ÑW : idempotent, decreasing, monotonic

1. fppfppwqq � fppwq
2. fppwq ¨ w
3. v ¨ w ñ fppvq ¨ fppwq

valuation ρ : PVarÑ PpW q
ρpI q: upward-closed
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Formal Semantics

We define w |ù φ for w PW and a formula φ:
w |ù Kpψ ô fppwq |ù ψ

w |ù K ô never

w |ù I ô w P ρpI q

w |ù ψ0 ^ ψ1 ô w |ù ψ0 and w |ù ψ1 hold

w |ù ψ0 _ ψ1 ô w |ù ψ0 or w |ù ψ1 holds

w |ù ψ0 � ψ1 ô v |ù ψ0 implies v |ù ψ1 for any v © w .
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Formal Semantics

past ¨ future
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Formal Semantics

past ¨ future
p’s state.
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Formal Semantics

past ¨ future
p’s state. q’s state.
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An example

Modelling Sequential Consistency
[LPAR-16, Hirai]
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Need for shared memory consistency

Assumption: full-information

� A message contains all knowledge of its sender.

� Nothing is ever forgotten.

Even under this assumption, no communication is guaranteed
between processes (or CPU’s).
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Need for shared memory consistency
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Essence of Sequential Consistency

For two memory states, either ¨ or © holds.
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Logical Background: logic Lin for linear models

Lin � Intuitionistic� pφ � ψq _ pψ � φq:
Intuitionistic � Lin � Classical

Well-known property:
Lin $ θ ðñ M |ù θ

for all linear Kripke model M.

(Linear model: for any two states, ¨ or ©.)
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SC for Sequential Consistency

SC � Int. Epistemic

� pKmφ � Kmψq _ pKmψ � Kmφq

Int. epistemic � SC � Epistemic

A result:
SC $ θ ðñ M |ù θ

for all sequential model M.

(Sequential model: for any two memory states, ¨ or © holds.)
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An example theorem under sequential consistency

$ ppKpKmKpI q ^ KqKmKqJq � ppKqKpI q _ KpKqJq

1. p sends a proof of I to m, then m replies to p.

2. q sends a proof of J to m, then m replies to q.

3. then, p’s knowledge I has been transmitted to q,
or q’s knowledge J has been transmitted to p.
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Theoretical Results
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Soundness and Strong Completeness

� �
Γ |ù φ ðñ Γ $ φ.� �

Proof strategy
Following [Troelstra and van Dalen, 1988].

For a formula Γ & φ,
we construct a model M and a state w P M
so that M,w |ù Γ but not M,w |ù φ.
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Disjunction Property

[in the NASSLLI student session paper.]� �
$ φ_ ψ ùñ $ φ or $ ψ� �

Proof strategy
By extending Aczel’s slash relation [Troelstra and van Dalen, 1988]
by

Γ | Kpφðñ fppΓq | φ

where fppΓq (agent p’s view on a set of formulae Γ) defined as . . .
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where fppΓq (agent p’s view on a set of formulae Γ) defined as

� gppΓq � tφ P Fml | pKpq
�φ P

Γ and φ does not begin with Kpu,

� fppΓq � gppΓq Y KpgppΓq Y tφ P Fml | Γ $ Ku.
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Finite model property

[in the NASSLLI student session paper.]� �
M |ù φ for all finite M ðñ$ φ.� �

Proof strategy
For a formula & φ,
we construct a finite model M and a state w P M
so that M,w �|ù φ.

However . . .
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The traditional method does not work only looking at the formulae
in a subformula-closed set Ω. Reason: fp : W ÑW does not hold.

Instead
W to be the set of pairs pΩ, Γq where Γ is Ω-saturated.
(Ω is closed for taking a subformula and replacing KpKp with Kp).
(Ω does not contain a longer formula).

FpppΩ, Γqq � pf 1ppΩq, f
1

ppΓqq where

� f 1ppΩq � gppΩq Y KpgppΩq.

Trying to find a simpler proof while I’m in Bloomington.



. . . . . .

What follows

� Typed lambda calculus [submitted to APLAS 2010]
� Types as protocol.
� supports asynchronous RPC facility “future”
[Walker et al., 1990]

� Quantify agents DxKxφ

� Knowledge of forking and merging agents (forking creates
common knowledge).
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